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Abstract 

One loop corrections to the coupling of the reggeized gluon to quarks are 
calculated in QCD. Combining this result with the known corrections to the 
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1. Introduction 

Since a long time it has been found that, in the leading logarithmic approxi- 
mation (LLA) for the Regge region, the total cross section cr^ A in the non-Abelian 
SU(N) gauge theories grows at large c.m.s. energies y^s: 

LLA 



a tot ~ 



'In s 
where 

w = ^Mn2. (2) 

Therefore the Froissart bound Otot < c In 2 s is violated in the LLA. The reason for 
this is the violation of the s-channel unitarity constraints for scattering amplitudes 
in the LLA. 

The behaviour ([!]) of the total cross section is determined by the position of 
the most right singularity in the complex momentum plane in the solution of the 
integral equation for t-channel partial waves with vacuum quantum numbers [l]. In 
order to find out the region in which the LLA can be applied, radiative corrections 
to the equation's kernel must be calculated. The calculation of these corrections 
was started by L.N. Lipatov and one of the authors (V.F.) in ref. @, where the 
calculation program was presented. The program makes a strong use of the gluon 
reggeization proven in LLA PJ. As a necessary step in this program one needs to 
calculate one loop corrections to the particle-particle-reggeon (PPR) vertices. Here, 
the reggeon is the reggeized gluon and its trajectory in the LLA is given by 

j{t) = l + u{t) , 
"(*) - I r „f* Tv> , t = -f. (3) 
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The infrared divergence in the gluon trajectory (Q) is cancelled by the divergences 
in real gluon emission, so that the integral equation for the t-channel partial waves 
with vacuum quantum numbers [ffj is free of singularities. In order to remove the 
infrared divergences at intermediate steps we use the dimensional regularization of 
Feynman integrals: 

d 2 k d 2+£ k 
(2tt) 2 (2vr 



2+1, s = D-A, (4) 
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where D is the space-time dimension (D = 4 for the physical case). 
Then we get 



«,(«) = g >N*(-t)9-> T( ? J) r2 (" ') . (5) 
(4tt)~ U-^-a) 

In the case of pure gluodynamics one loop corrections to the gluon-gluon-reggeon 
(GGR), as well as to the reggeon-reggeon-gluon (RRG) vertices were calculated by 
L.N. Lipatov and one of the authors (V.F.) || |J. 

In the case of real QCD there is a quark contribution to the vertices; the quark 
loop contribution to the GGR vertex was calculated in ref. [Q. Besides that, in the 
real QCD an extra (compared to the pure gluodynamics case) vertex appears: the 
quark-quark-reggeon (QQR) vertex. The existence of this vertex allows us to check 
the validity of the assumption that the high energy behaviour of amplitudes with 
gluon quantum numbers in the t-channel and negative signature is governed by the 
Regge pole contribution not only in the LLA, but beyond it as well. According 
to this assumption the amplitude A A ^' of a process A + B — > A' + B' takes the 
following factorized form: 



' 8 ^AB — 1 A' A ^ 



-r -r 



rw • (6) 



Here Pg~ is the projection operator into the octet colour state with negative signa- 
ture, i is the colour index of the reggeized gluon with the trajectory j(t) = l+u(t), 
given by eq. (|3D in the lowest order of the perturbation theory. For the PPR vertex 
T l A , A in the helicity basis we get in the lowest order 

T\, A = g(A'\T\A)5 XAtXA , , (7) 

where (A'|T l |A) represents the matrix element of the group generator in the corre- 
sponding representation (i.e. fundamental for quarks, = U = y and adjoint for 
gluons, (Ti) ab = —ifiab) and is the helicity of particle A. We assume that the 
polarization states of the scattered particles are obtained from those of the initial 
particles by rotation around the axis orthogonal to the scattering plane. From eq.@ 
we may observe that the behaviour of the three types of amplitudes (gluon-gluon, 
quark-quark and quark-gluon elastic scattering amplitudes) is determined by two 
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vertices, GGR and QQR; therefore, one of the amplitudes can be expressed in terms 
of the others, thus giving a non trivial test of the validity of representation ([]). 

Contrary to eq.(^), in higher orders the PPR vertex T can contain another spin 
structure. Due to parity conservation it can be written in the following form: 



1 A' A 



g{A'\T\A) 



/(I + r AA) + ^ A -X A ,^AA 



(-) 



(8) 



if relative phases of states with opposite helicity are chosen appropriately (see 
ref.s j|, [| for gluons and eq.(|36|) below for quarks). Here r^ + ) and respec- 
tively stand for helicity conserving and non conserving loop contributions to the 
vertex. 

One loop corrections to GGR vertex were calculated in ref.s [3-5]. The contri- 
bution of the gluon loop can be written in the form (Rl) with 



T^QQ^gluon loop) = Ng 2 



;-t)T- a r 2-f r 



2 D 



x \(D - 3) 



D 



(4tt 



D 



Y{D-2) 



V> 3-- -2^ --2 +^(1 



Fccigluon loop) = Ng 2 



'-t)T^T[3- 
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(4tt)t (D-l)T(D-2) 
where i)j is the logarithmic derivative of the gamma function: 

Viz) 



Viz) 



(9) 
(10) 

(11) 



For the quark loop contribution we have in turn 



GG 



{quark loop) 



2g' 



(4vr; 



where 



V. 



(/) 



dxx{l — x) 



(12) 



txil 



X 



2-4f 



+ 



1 rl 



JO 



dx\dx20(l — x\ — X2) I (3 — D) 



(2 - £1 - x 2 ) 
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2 (jnj — txiXz) 



(13) 



and 

y(f) _ r D ^)t dXldX2 °( l - Xl ~ X 2)^1^2(l - Xi - X 2 ) ^ 
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(m^ — teix 2 

For massless quarks the two vertices become respectively || 

V^uark loop) = ^(-^ll^fMl) , (15) 
(4tt)~ r (^) 

rU( q uark loop) = -j^(-t)f-» £^Z^gizj) . (16) 

In this paper we calculate the QQR vertex in the one loop approximation and 
check the validity of describing amplitudes in terms of the Regge pole contribution, 
i.e. representation (|6]). In section 2 we find the QQR vertex by calculating the 
quark-quark scattering amplitude. Combining the result obtained with the one 
for the GGR vertex, eq.s (B)-(O), and Regge trajectory (|5p, we get with the help 
of eq.(H) a prediction for the quark-gluon scattering amplitude. In section 3 we 
perform an independent calculation of this amplitude and check the consistency 
of the approach comparing the result we arrive at with the predicted one. Some 
conclusions are illustrated in section 4. 

2. Quark-Quark-Reggeon vertex 

We will extract radiative corrections to the QQR vertex from the amplitude of 
quark-quark elastic scattering. The calculation can be carried out through usual 
methods starting from the Feynman diagrams for the quark-quark scattering. How- 
ever, for our purposes it is more convenient to use the method based on the t-channel 
unitarity relation. This method was used in ref.s [3-5] to calculate analogous cor- 
rections to the GGR vertex. Here its application allows us to demonstrate the 
factorization property of scattering amplitudes in the most economic way. 

From the t-channel unitarity point of view, it is natural to decompose an am- 
plitude according to intermediate states in the i-channel. In one loop approxima- 
tion we need to consider two particle intermediate state in the t-channel. We will 
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schematically represent in Fig. 1 the amplitude of the elastic scattering process 
A(pa) + B(pb) — > A'(p A i) + B'(pb>) with two particle intermediate state in the 
i-channel and will use the following notations: 

s = {pa + Pb) 2 , u= (p A - p B ,) 2 , q = p A -p A , = p B , -p B = pc> -p c , t = q 2 , 

sa = (pa + Pc) 2 , u A = (p A - pc>) 2 , s B = (p B + pc>) 2 , u B = (p B - Pc) 2 , (17) 
Pc and pc being the momenta of the two intermediate particles. 

Instead of calculating the t-channel discontinuities using 2ir5(p 2 — m 2 ) for inter- 
mediate particle line, we will calculate the contribution of diagram in Fig. 1 using 
full Feynman propagators for intermediate particles [[], 

d D p c d D p c > $ {D) (Pc + q- Pc>)A$g' A%§, ( . 



Aii' = £ Vcc> f 
c,c J 



(2ir) D i (p c 2 - m c 2 + ie) (p c > 2 - m c 2 + is) 



Here, the sum runs over kinds of intermediate particles, their polarization, colour 
and flavour states. As already mentioned in the introduction, the space-time di- 
mension D is not equal to 4, so that we can use the dimensional regularization for 
removing both infrared and ultraviolet divergences Q. The numerical coefficient 
rjcc depends on the kind of intermediate state in the t-channel, which can be a 
gluon-gluon or quark-antiquark state: in the first case i]gg — \ because of identity 
of gluons, while in the second one t}qq = — 1 because of Fermi statistics. An arbi- 
trary polynomial in t could be added to the result of integration in eq. (|T%D , because 
it does not change the t-channel discontinuity, but such terms would have a wrong 
asymptotic behaviour incompatible with the renormalizability of the theory (cf. 
P], M). Nevertheless, for massive quarks, some uncertainty still remains. We can 
add to the r.h.s. of eq.([18D terms with the pole structure in t. In the case of pure 
gluodynamics such terms were absent in our regularization scheme because of lack 
of appropriate values with mass dimensions . Evidently, these terms are connected 
with renormalization and will be considered at the end of this section. 

2.1 Contribution of the quark-antiquark intermediate state 

Let us first consider the simpler case of the quark-antiquark pair in the t- chan- 
nel. In this case the amplitudes A A c' and A B q/ in eq.(|T%D are the quark-quark 



scattering amplitudes taken in Born approximation. For such amplitudes we get 

AH' = (^|t c |A)( J B'|t c | J B)(^)tZ(^)7^(PA)w(^)T^(PB) 
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- S AB (B'\t c \A)(A'\t c \B)(^)u(p B/ )^u( PA )u(p A/ )^u(p B ) , (19) 

u 

where the second term contributes only for scattering of identical particles. 

We are interested in the radiative correction to the QQR-vertex when the 
reggeon is a reggeized gluon, therefore one needs to project the amplitude (|19"D into 
the octet colour state. Firstly we use the completeness relation for the generators 
of the fundamental representation of SU(N): 

1 1 

*a/3*7<5 + yj-fSapS-yS = ^ aS S^ , (20) 

and obtain 

1 N 2 -1 

tap^s = - Jftlstjp + 2N 2 <5a5 ^ 7 ' ( 21 ) 

Successively, introducing the definition 

V.Aii' = (A'\T C \A}(B'\T C \B) (As)**' (22) 



which will be used in the following, and using the result (^1|) we have 

{A%)ab = u(PA')Yu(p A )( — )u(p B 'hMPB) 

+ J ^-HPB')l tl u{pA)( — )u(pA'h^u{pB) ■ (23) 

Jy u 

In order to apply the dispersion approach, it is convenient [|], [| to decompose the 
amplitudes A^q and A^'c' entering eq.fllBD into the sum of two terms which are 
schematically shown in Fig. 2: 

AiS' = Ai8\as) + AiS\na) , (24) 

and analogous expression for A%^,. The first term in the r.h.s. of eq.(|24|) contains 
the asymptotic contribution for the Regge kinematics, s A ~ — u A ^> t, while the 
nonasymptotic part contains the remaining amplitude terms. When performing 
the decomposition (^) in the r.h.s. of ([18]), we are left with four contributions to 
A AB ' , corresponding to the diagrams in Fig. 3. Only the first three of them are 
important, instead the contribution of diagram in Fig. 3(d) can be disregarded. In 
fact, the essential values of variables s A and s B are small (s A ~ s B ~ t) for the 
contribution of this diagram. Consequently, only transverse (with respect to the 
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(PAiPb) plane) components of momenta pc and pc> can be taken in the propagators 
of intermediate particles, which means that integrals over s A and sb are factorized 
and can be evaluated by residues; as a result, the contribution of diagram in Fig. 
3(d) is purely imaginary in the Regge region and corresponds to positive signature 
partial waves 0. Here we are interested in the radiative corrections to the QQR for 
the reggeized gluons, i.e. for the case of negative signature, therefore only diagrams 
in Fig.s 3(a, b, c) can contribute. 

The asymptotic contributions take the following form: 

(A 8 ^)^' = ^u( PA ,)^u( PA )u(p c ,)tf A u( Pc ) (25) 

and 

( AsiaS) )cBi = ^^Pcy B u{vc')u{p BI )^fu{p B ) . (26) 

We always take a very large value for s (in contrast to s A and sb, which are integra- 
tion variables and can be small as well as large), therefore we have, in the helicity 
basis, 

u(PA')^-u(p A ) = 5 XA ,x Af , 

u{PB>)-^-u{p B ) = 5 Xb ,\ b , , (27) 

where X A is the helicity of particle A. It is assumed that the polarization states of 
the scattered particles are obtained from the ones of the initial particles by rotation 
around the axis orthogonal to the scattering plane. That implies 

CO \ x p 

iv ' ^2 J Vx ' u = wvp\ ' (28) 

where (p and ip' are respectively the polarization wave functions for initial and 
scattered particles and 9 is the scattering angle. 

Let us note that if we write the asymptotic contribution ^^4 8 ^ as ^ (see eq.(p5|)) 
in the helicity basis for particles A and A' using the first of eq.s (^7|), we arrive at 
the same expression as for the process in which A and A' are gluons p[. 



Taking into account asymptotic parts (^) and (^) and decomposition 
from eq.(|23|) we obtain the following projections for the nonasymptotic parts into 
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the octet colour state: 



(X {na) ) 



A'C 
AC 



u{pA>)Yu(p A )—u(p C i)"1vU{pc) 



■^u(pc')Y u (Pa)—u(pa')iMpc) 
N u A 



(29) 



/ i \\CB' 

(A 8 {na) ) 

\ JC'B 



u(Pc)^u(p' c )—u(pb')jMpb) 



H — —u{pb>)i^u{p' c )—u{pc)-i^u{pb) 



N 



1 

u B 



where the decomposition 



91 + 



2 Wb + PbPa) 



(30) 



(31) 



has been used and _L means transverse to the (pa,Pb) plane. We neglect terms 
containing u(pa')^a u (Pa) or u(Pb')p'b u (Pb) because they are proportional to the 
corresponding masses and therefore cannot give a contribution of order s/t to am- 
plitude (JTH). 



Inserting eq.s (Pq) and (|2q) into eq. fllq) we get for the contribution of diagram 
in Fig. 3(a) (cf. eq.s (ED)- (E3) of §) 



A (a) 



AB 



h A ,\ A ,h B ,\ B , \^j-J PaYb 



(32) 



where summation is performed over quark flavours and 



2 7 (2tt) d (p 2 — m 2 + is)((p + q) 2 — m 2 + is) 



AT (2 - f ) 



(47T) 



dxx(l — x) 



(mj — q 2 x(l 



x 



2— ±i 
Z 2 



(33) 



Here, the calculations practically coincide with those of ref. because, as we pre- 



viously noted, the asymptotic contribution ^ g ' as 'j^ (and (A.^**^ as well) 
in the helicity basis for particles A and A' (correspondingly B and B') coincides 
with that of the case considered in ref. where particles A and A (B and B') are 
gluons. 



B'C 
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The contribution of diagram in Fig. 3(6) is expressed by the product LA^j 
[AS"* 1 ') . Using eq.s fl25|) and (|30| ) and keeping only terms of order s we find 



A'C 

X 

AC 



{^TIb = S ^J^HPBi)V,(p B ,q)u(p B ) , (34) 



where 



The integrals appearing in eq.(|35|) are calculated in Appendix. Let us accept that, 
by definition, states with opposite helicity are connected by relation 

P' x P 

cp-x = v ■ aip\ , v= r— _, , 36 

If x p\ 

which, in the helicity basis, leads to 

u(PA')u(p A ) = 2m A Sx Al x A , - iV^i5 XA -x A , • (37) 

With such a definition we obtain 

fj, 

—u(p B ')Vp(pB, q)u(p B ) = 

S 



r (3-f) /-i dx (25. 



(An)- Jo (ml - x (l - x )tf-~ { 4 - D 



D-3 



u D — 1 
+(D - 3)x(l - x)) - — — -m 



5-D , — ] 

*«AB,-A B ,-^3g"lBV-t? • (3£ 



D-3 

Let us pay attention to the fact that the contribution given by eq.s fl3"4|) and (|36| ) 
does not depend on the nature of particle A. 

Finally the contribution (As^^ of the diagram in Fig. 3(c) can be obtained 
from eq.s ( |34"D and (^) by the substitution A <-> B. Summing up the three con- 
tributions and comparing the sum A^ + A^ + A^ with the factorized form @, 
where the vertices are defined through eq.(Bl), we find 



r^?^) = -^r(2- ¥ ) - 2 W 



(47r)~ V 2/ / Jo ( m 2 _ x (i _ x )t) 2 ~ ~ 
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2N 



dx 



THq — x(l — x)t 



D-3 



(D-3)x{l-x) 



2 (D ~ 1) 
Q (D-3) 



(39) 



(4tt 



t 2iV 



rriQV—t 



dx 



(D-3) Jo (ml- x (l- x )tf 



(40) 

We expect that for massless quarks only the helicity conserving part of the vertex 
survives and in fact in this case eq.s Q3TS| ) and ( fiOD reduce to 



^qq(qQ state)\ 



m q =0 



(4vr; 



-(-ty 



--2 



3 - £ 

^ 2 



(f 



2iV r(D-2) 
Here is the number of quark flavours. 



2 + 



£>\ r2 (f) 



. 



(41) 
(42) 



2.2. Contribution of the two gluon intermediate state 

Now let us consider the contribution of two gluon intermediate state in the t- 
channel to the QQR vertex. The general lines of the consideration are the same 
as before, but now we need to take the quark-gluon scattering amplitude in Born 
approximation for the amplitudes A^q and AqP^ in eq. ([l8|) . Again, as in the 
quark contribution case, we are interested only in parts of the amplitudes which 
correspond to the octet colour state in the t-channel, because our reggeon is the 
reggeized gluon. Moreover, we need to keep only the F-type colour octet for in- 
termediate gluons, because only this colour state survives in the Regge asymptotic 
regime. Consequently the asymptotic contribution A^ in the decomposition (|24 ) 
can contain only this colour state, which is, therefore, the only state that contributes 
to the essential diagrams in Fig.s 3(o, b, c). 

This part of the quark-gluon scattering amplitude A^q' can be written as (cf. 
ref.0) 



{At 



I AC 



-9 ) -, \ \ , Va ~ Pa + m A 
——u(p A >) < ic 

2 \ u A -m 2 A 



* _ * $A±tic + m A 
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+^ Wc + icYc ■ e c + Vc( e c' ■ <?) - 2 fc( e c ■ q] j u(pa) ■ (43) 

In contrast with ref. ||], here gluons are intermediate particles, so that we do not 
fix their gauge. Instead we write the asymptotic parts of the amplitudes in a form 
similar to the one used in ref. Q for the gluon-gluon scattering amplitude. The 
possibility of such a choice comes from the fact that the high energy behaviour of 
both amplitudes is determined by the ^-channel exchange of a gluon which reggeizes. 
In the helicity basis (see eq.fl27p) we have 

(A 8 (as) )^' = g 2 5 XAAA ,e*S'e° c T aa , (pcPcPa) , (44) 
(A 8 {as) ) C c B B = g 2 K,x B ,ecec>T^ (pcPcPb) , (45) 



with 



j< (sa-u a ) (2 1 



2 

t ' ua — rri A J 1 A 1 ' \ sa — rri A ua — rri A t 



+ 2(7 + 7. — I PAQ a + 2 ( -J- - -j J PaPa (46) 



and 



q = Pc ~Pc , $a = (pa + Pcf , u A = (pa - Pcf • (47) 



It is worth to note that the tensor T aa can be considered as the generalization of 
the corresponding tensor used in ref. ||, for the gluon-gluon scattering amplitude, 
to the case for which p\ = p\, = m 2 A 7^ 0. 

In correspondence to the form we choose for the asymptotic term, the nonasymp- 
totic contribution A^ na \ taking into account eq. (fZTD , becomes 

(A H )2' = ^^ec>ecHPA>)x**'(pc,Pc>-,PA,P B )u(p A ) , (48) 
(A 8 {na) ) C c B B = { -^e*Je°c,u(p B ,)xMPc>,Pc;PB,PA)u(p B ) , (49) 



where 



X™' {PC,PC'iPA,Pb) 

2g ao> {Pc+PcY + 2 ^ e ( 2q a ' (p A - qf' 



t \ t sa — rn A 
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-2g 



a g 



'2q a {pa-qY' 



u A -m\ s A - m\ 



(50) 



y t u A — vnr A j 

Let us pay attention that the tensor Y aa i (jpcPcPa) has the following properties 
on the mass-shell Pq = p 2 c , = 0: 

r CT(J ' (pc,Pc,Pa)Pc = r <x<7' (Pc,Pc>iPa)Pc> = • ( 51 ) 



Consequently we can use the Feynman summation over polarization states of inter- 
mediate gluons: 

,(A) p *(A) = _ n ^ 



when we calculate the contributions of the diagrams in Fig.s 3(a, b, c), without 
introducing the Faddeev-Popov ghosts. 

In the case of the diagram in Fig. 3(a) we need to calculate the product of the 
asymptotic parts fl44]) and (|45). The essential region of integration in eq.([H|) for 
large s and fixed t in this case is determined by relations 

Pc ~ Pc' ~ ~ * i t < s A ~ u A < s ; t < s B ~ u B < s . (53) 



In this region from eq. (|46|) we find 

I'"'"'' (pcPcPa) 1 '•.'<-• (PC',Pc,Pb) = ^ , ^ [ii a - - s .i) ("/; - *b) 



t 2 



4 



16s 



1 



1 



1 



+ 7? [SASB + U A U B ) + — — + S T - „., 2 

t t \s A — m A u A — m A J \SB — rn B u B — m B 



1 



+ 



1 



+ 



1 



1 



s A -m\ s B -m 2 B u A -m\ u B - m% 



2 ( u B -m 2 B + s B -m 2 B 
\s A -m 2 A u A -m 2 A/ 



x 1 



2m 2 A 



2 (^- m A + SA-m 2 A \ / 
\s B -m B u B -m B ) \ 



2m 2 B 



(54) 

t J \s B — m B u B — m B J \ t J 
As to be expected, this expression differs from the corresponding one of ref. M only 
by mass terms, as well as T a/3 does. 



The integrals appearing in eq. (|T%D , after substitution of eq.s fl4~4]), (^) and 
(p|), are presented in Appendix. By means of these integrals one can give the 
contribution of the diagram in Fig. 3(a) the following form: 



A'B' 
AB 



Ng 



(47T) 



2s 

'T 



a(s,t) + Aa(m A ,t) + Aa(m B ,t) . (55) 
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Here a(t) is the contribution for the massless case (it is the same as in ref. 



a(t) 



r 2 



D 



v 2 (f - 1) 



-tf-^T{D - 2) 



(D-3) 



/,(-i)+/n(-^ 



+2^(3-^)-#(y-2)+2^(l) 



+ 



(56) 



2(D-1) D-A 2J 
where tp(z) is defined in eq.(|ll|), while Aa(m 2 ,t) is mass dependent and becomes 



zero at m = 0: 



Aa(m 2 ,t) = T ^3 - —^j £ dx^Oil - a* - 



X2 



t(l~Xi) 
Xi 



1 



(x\m 2 - x 2 (l - X\ - x 2 )t) 2 ((-t) (1 - xi - x 2 )y 
2m 2 Xi 



(57) 



[x\vn? — X2 (1 — X\ — ^2^)) : 
The essential point in eq.([5(]) is the separation of dependences on and m B . Such 
separation is a vital necessity for the interpretation of the amplitude in terms of 
the Regge pole contribution (see eq.(|6])). 

Let us evaluate the contribution of the diagram in Fig. 3(6). It is expressed in 
terms of the integral (|T8|), where we need to use the amplitudes ( pB|) and (f49[). The 
essential region of integration in eq.(|T8|) for this case is 

(58) 



PC ~ PC' ~ SB ~ Wfl ~ t, S A ~ UA ~ S. 



In this region from ( ^6[ ) and (|50| ) we obtain 



r aa '{pc,PciPA)u(p' B )Xv'*(PC',Pc;PB,PA)u (p B ) 



Bj 



SB - 171% 



(m B - (2 



2 m B 

u B -m B \ 

4 

+7 



( 2m | - t ) tA - {D - 2) (_><2_ + _^ 
v 7 s / \u B -m% s B - 

{id a- , Mcti- 4Ma 



m 2 B/ 



u B - m B 



sb - m B 



(59) 
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An important property of this expression is its independence on tua- Remembering 
that the tensors T aa> {jpciPc ,Pa) for the cases when the particles A and A' are 
gluons or quarks differ only by mass terms, we conclude that the contribution of 
diagram in Fig. 3(6) does not depend on the nature of particles A, A' if it is written 
in the helicity state basis for these particles. With the help of the Appendix, 
where integrals appearing in eq. (p~8[) after substituting eq.s (|44T), (fSJ) and ( |59|) are 
calculated, and using the relation 



u (p 



B' 



»b$a ~ ^a^b4) u (p B ) = u (p B >) \(t - 4m|) jf A + 2sm B ] u (p B 



(60) 



which is a result of a simple algebra, we obtain for this contribution 



bb' _ 2s9 A NT(3-§) 



' t 



(4tt 



_D 

2 



u{p 



7„" 

o Jo 



dxidx20 (1 — X\ — x 2 ) 
'x\m 2 B - x 2 (l - Xi — x 2 )ty 



VA 

s 



—2m B xi — 



D 



D-A 



m B x l — X2 (1 — X\ — X2) t 



+m B xi 



u(p 



B 



(61) 



The contribution of the diagram in Fig. 3(c) can be obtained from eq.(^) by the 
substitution A <-* B, A' B' . The total contribution of the two gluon intermediate 
state in the i-channel to the asymptotic of the quark-quark scattering amplitude 
with the octet color state and negative signature in the t-channel is given by the 
sum + + A^ . Comparing it with representation (||]) we are once more 
convinced that Regge trajectory to in the lowest order is given by eq.(^) and find 
the two gluon intermediate state contribution to the quark-quark-reggeon vertex. 
For the helicity conserving part of this contribution (see eq.(§)), performing the 
decomposition 

(62) 



with the help of eq.s (|2 



r QQ (99 state ) 



and 

9 1 



(+) 



1 Art 

L QQ \m Q =0 QQ 

we obtain 

n r( 2 -f)r^(f-i 



(4tt; 



-tf~- r (d - 2) 



fD-3)(^(3-y 



- (y- 2: 1 



A(D-l) D-A 



(63) 
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and 



AT<$ (gg state) = (3 - ^ ^ ^ 



(47T 



/ / dx\dx 2 (1 — Xi — x 2 ) 
Jo Jo 



t I — + 7T^2 [l-X X - X 2 ) 



( 



P-4) 



1 



{x\mq — X2 (1 — £1 — X2) ij 



a 2 



N m 2 ? (2x 1 + ( J D-2)( J D-3)^ 4 



(— x 2 (1 — Xi — x 2 ) t) 2 



(xfrnQ — x 2 (1 — xi — x 2 ) t 



D 



(64) 



For the helicity non-conserving part we have 



t qq (99 state) 



■ 9 N v U \ 
-i—— w T(3--)m Q V-t 



x 



1 rl 



dxidx 2 9 (1 — x\ — x 2 ) 



(xlrriQ — x 2 (1 — Xi — x 2 ) 2 
It vanishes in the zero mass limit, as it should do. 



(65) 



2.3. Renormalization of the QQR vertex 

It was explained at the beginning of this section that we can add a term with 
the pole structure in t to the r.h.s. of eq.(|i"8|) without changing the t-channel 
discontinuity and without spoiling the renormalizability of the theory. That means 
we can add an expression which is equal to the Born amplitude with some constant 
coefficient. In principle, we could put on the helicity conserving part of the QQR 
vertex some condition (of the type of Tq'q | t= _ A( 2= which would be a definition of 
the renormalized coupling constant. But it is useful to have a possibility to express 
the QQR vertex in terms of the coupling constant in commonly used renormalization 



schemes, such as the MS scheme. In order to have such a possibility we need to 
connect our results to those which are obtained by the usual approach, in terms 
of Feynman diagrams. In the diagrammatic approach the terms under discussion 
may come from quark-gluon vertices and gluon polarization operator at t = and 
from self-energy insertions into external quark legs. It is easy to observe that the 
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first two contributions in Feynman gauge Qare taken into account properly in eq.s 
(|32|), ( |34"D and (|55D, (j6T|) . So, we need only to consider the self-energy insertions 
into external quark legs. It means, that in the one loop approximation we need to 
add to the helicity conserving part of the QQR vertex the value 



T QQ(self - energy) = -"—^ U , (66) 



where is the mass operator of the quark: 



2 (iV 2 -l) r d D k -ftf- ^ + m Q ) 7M 



T.iti] = a / ' Kr — WJ /M (Q7) 

— nig + ie) 

An elementary calculation gives 

T%l{self - energy) = ^^^^iW 4 . (68) 



2N ( 47r )¥ w \D-3 

The total one loop correction to the helicity conserving part of the QQR vertex 
is given by the sum 

f qq = r Q + g(w state) + T^(gg state) + T^self - energy) , (69) 



where the first term in the r.h.s. is given by eq.(p9|), the second by eq.(^) and the 
third by eq. (|68"D . For the helicity non conserving part we have only contributions 
of the first two types, which are given by eq.s (HO) and fl65l) correspondingly. 



In all the above formulas we used the nonrenormalized coupling constant g. 
Therefore expression ( |5D| ) for D — > 4 contains singularities coming from ultraviolet 
as well as infrared divergences of Feynman integrals. Let us note here that the he- 
licity non conserving part of the vertex does not contain the ultraviolet divergences. 
We can remove the ultraviolet divergences expressing g in terms of the renormalized 



coupling constant, for example, in the MS scheme: 



4-D 



9 = W 2 \ 1 + ( y N ~ g"/ 



2 \ g 



2 



(4tt) t (L>-4) 



D - 4 / 1 



1 + In ib(V 

2 V 4tt ^ v ' 



+ 



(70) 

^^One can wonder why Feynman gauge did appear here, while we used gauge invariant am- 
plitudes and were talking about calculations without introducing the Faddev-Popov ghosts. The 
matter is, the gauge invariance used (see for example eq.(j5lj)) is held on the mass shell only and 
has no relation to the terms under consideration. 
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where is the renormalized coupling constant at the normalization point /i and 
ip(z) has been already defined (see eq. flTTD). 

3. Check of the approach consistency 

Now we have both the gluon-gluon-reggeon vertex Tq G and quark-quark-reggeon 
vertex Tqq in the one loop approximation. The first of them was calculated by 
using the gluon-gluon scattering amplitude as a tool, and the second via the quark- 
quark scattering amplitude. The process of quark-gluon scattering has not been 
considered up to now. But the reggeon contribution to this amplitude (see eq.@) 
is expressed in terms of the GGR vertices and QQR vertices and the gluon trajectory 
l + u(t), which is given in the one loop approximation by the formula (^|). It allows 
us to check the validity of representation @ for the high energy behavior of the 
amplitudes with gluon quantum numbers in the t-channel and negative signature. 

It can be done by calculating the quark-gluon scattering amplitude and com- 
paring the results of calculation with the expression given by formula ([]) in terms 
of known trajectory 1 + uj (t) and vertices Tqq and Tq G . But really we need not to 
perform any new calculation. The method of calculations used for gluon-gluon and 
quark-quark scattering amplitudes allows us to check the validity of the expression 
(||) simply by keeping an eye on the calculations we performed. Our starting point 
in calculating any amplitude is eq. (|18D . In each case we have two gluon and quark- 
antiquark intermediate states in the f-channel. An essential step in the calculation 
is the decomposition of the amplitude entering in the integrand of eq.flTBD into the 
sum fl24|) (see Fig. 2) of asymptotic and non asymptotic parts. An important 
fact is that a product of non asymptotic parts in the integrand in eq.(|l8|) cannot 
give a contribution of order s to an amplitude with gluon quantum numbers in the 
t-channel and negative signature which we are interested in, so we are left with 
contributions presented schematically in Fig. 3(a, b, c). 

/ f as \\A'C f 

The next important fact is that the asymptotic parts of the amplitudes ( A 8 1 

/ (as) \B'C 

and yA 8 J can be chosen in a factorized form. Of course, this fact is strictly 
related to the case in which the high energy behaviour of the amplitudes is deter- 
mined by gluon exchange in the t-channel. We choose the asymptotic parts for the 
case of quark-antiquark intermediate state (CC) in the i-channel in the following 
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form: 

ac = 2 -T^aMpc>) i A u (pc) (71) 

in the helicity basis for particles A and A', independently of what they are: gluons 
(see eq.s (|17|), (0) of Ref.||) or quarks (see eq.s fl25f ) and (p7|) of this paper). 



Therefore, in this intermediate channel the contribution of the diagram in Fig. 3(a) 
does not depend on the kind of particles A, A' and B, B' (see eq. fl32|)). For the 
same reason the contribution of the diagram in Fig. 3(6) (Fig. 3(c)) depends only 
on the kind of the particles B, B' (A, A'). Taking into account that these diagrams 
contribute only to the vertices T BB , and T AA , correspondingly, we conclude that 
the contribution of the quark-antiquark intermediate state in the t-channel to an 
amplitude of any of the processes under consideration can be put in the form of 
eq.(|6|), where the vertices T AA , (T BB ,) do not depend on the kind of particles B, B' 
(A, A'). 

For the case of the two gluon intermediate state the conclusion is the same, 
although the properties of the asymptotic contributions are slightly changed. We 
choose these contributions in the form of eq.s (f44|)-([46|) and here the dependence on 
the kind of the particles A, A' (B, B') enters through the masses of these particles^. 
Of course in the Regge asymptotic limit for the amplitude A^g' (A B 'c,), that means 
for sa ~ ua t (sb ~ ub t), this dependence becomes negligible, but we 
need to integrate over sa (ua) in eq. (18). Therefore we choose these asymptotic 
contributions in such a form, which conserve the analytic properties of the exact 
amplitudes. 



An essential property of asymptotic parts ( pB| ) and (ffij|)) is that the contribution 
of the diagram in Fig. 3(a), being calculated in terms of these parts, is presented in 
the form of eq. (|55|) , where the dependences on the masses tua and tub are separated. 
Therefore, all the dependence on the kind of particles A, A' (B, B') coming from 
this contribution is included into the vertices T AA , (^bb 1 )- The same is true for 
the case of the contributions of the diagrams in Fig. 3(6, c) as well, because the 
contribution of the diagram in Fig. 3(6) (Fig. 3(c)) depends only on the kind 
of particles B, B' (A, A') (see eq.(|61|)), just as in the case of the quark-antiquark 
intermediate state. Consequently we come to the same conclusion as for this case. 
Since the contributions of the quark-antiquark and two gluons intermediate states 

2 Lct us note, that, on the contrary, the dependence on p\ = m\ is negligible in eq.(|66|) 
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enter into the PPf?- vert ices additively, it means that the high energy behaviour of 
all QCD elastic scattering amplitudes with gluon quantum numbers in the i-channel 
and negative signature are presented by the Regge pole contribution (6). 



4. Conclusions 

We calculated one loop corrections to the quark-quark-reggeon vertex in the 
QCD, where the reggeon is a reggeized gluon. Taking into account this vertex 
together with the gluon-gluon-reggeon vertex calculated before, we get Regge pole 
contributions to gluon and quark elastic scattering processes. Since non-logarithmic 
terms of these contributions to the amplitudes of the three processes (gluon-gluon, 
quark-quark and quark-gluon elastic scattering) are expressed in terms of the two 
vertices, these amplitudes have to satisfy non trivial relations if the Regge pole only 
contributes to large s behaviour of the amplitudes with gluon quantum numbers 
and negative signature in the i-channel. We have checked that these relations are 
fulfilled, i.e. the representation @ of these amplitudes in terms of the Regge pole 
contribution is applicable beyond the leading logarithmic approximation (LLA) for 
the Regge region. The results obtained are needed for the next step in the calcu- 
lation program || for corrections to the LLA: calculation of two loop corrections 
to the gluon Regge trajectory. In the two loop approximation a part of corrections 
to the trajectory comes from two particle intermediate states in the two channels. 
The calculation of this part can be performed by using the presented results. It will 
be done in a subsequent publication. 



Appendix 

For the reader's convenience, here we are presenting the Feynman integrals ap- 
pearing in eq. (|I8D . 

Let us first consider the case of quark-antiquark intermediate state. Calculating 
the contribution of the diagram in Fig. 3 (a) we meet the followings integrals: 



I, 



I 



d D p 



Q2 



{p 2 — m 2 + ie) ((p + q) 2 



— m 
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d / D\ r 1 
vr^r 2 — 



dx 



(m 2 -x(l -x)tf ~ 
dPp (— p M ) 



L Q2 



jtlV 

1 Q2 



d i D\ r 1 

n~T 2 



(p 2 — m 2 + ie) ((p + q) 2 — m 2 + ie) 2 
d D pp tl p u 

(p 2 — m 2 + ie) ((p + q) 2 — m 2 + ie) 



Q2 , 



(A.l) 
(A.2) 



dx 



2 J Jo ( m 2 _ x (! _ x )t) 2 -- 
Here and below g = — p& = pb> — Pb , t = q 2 . 



2 _ (m 2 - x(l - 

q q x 



2- D 



(A.3) 



For massless quarks the integrals (A.1)-(A.3) become the corresponding integrals 
presented in M: 



lQ2\m=0 = h = TT 2 (~t) 



[t D o r(2-f r 2 f-i 



r(D-2) 



mi _ _ y r 
- Z Q2lm=0 — J 2 — -^ J 2 , 



/gim=o = /r = [-ir«+^5 ,/ ^] 



4(0-1) 



(A.4) 

(A.5) 
(A.6) 



To obtain the contribution of the diagram in Fig. 3 (b) we need the following 
integrals: 



l Q3B 



d D p 



(p 2 — m 2 + ie) ((p + q) 2 — m 2 + ie) {{ps — p) + is) 
D\ f 1 /-i dp 2 



-Tr^r 3 



where 



2 J Jo Jo R Q3 3 -~ 

dp2 = dxidx20(l — x\ — x 2 ) , 
Rq3 = m 2 (x 1 + x 2 ) 2 - xix 2 t . 



(A.7) 



(A.8) 



Making the substitution 



X\ = u(l — x) , x 2 = ux 
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we easily perform the integration over u arriving to 

r(2-f) fi dx 



l Q3B 



D_ 

7T 2 



JO 



(m 2 - x(l - x)tf ~ 



(A.9) 



Applying the same procedure, we find 



Iq3B — i 



d D ppV 



(p 2 — m 2 + ie) ((p + q) 2 — m? + ie) ((pb — p) + is) 
D\ /-i /-i dp 2 



-ttT r (3 - |) jf jf ((1 - Xl - x 2 )p B - x 2 <f) = 

° ° R Q3 2 



D_ 

7T 2 



l(2-f) ,j 



and 



2(D-3) 7o ( m 2 _ x )t) 3 "- 



_ _ (£, _ 4)^] 



(A.10) 



-vrTr ( 3 



(p 2 — m 2 + ie) {{p + q) 2 — m 2 + ze) — p) + ie) 
D\ r 1 r 1 dp 2 



2 ) So So 



E? 2 

U Q3 



((1 - Xl - x 2 )p B - x 2 q") 



x ((1 - xi - X2)p B - x 2 g ) 



7T 2 



r(2-f) 



dx 



2( J D-2)(D-3)7o (m 2 _ x{1 _ x)t f-% 

+ (D - 4)(D - 3)x 2 g^ + (£> - 3)^ (m 2 - x(l - x)t) 
In the massless case we have 



A-D 

2PbPb -(D- 4)x ( P W + <fp B ) 

(A.H) 



l Q3B\rn=0 — 1 3B 



-2 



D-3\ I 



D-AJ t 



^Q3B\m=0 — Hb ~ I 1 



D-4 t 



1 Q3B\m=0 — 1 3B 



1 (1 .... pU y + pW\ <f<t 



(D-2) \2 



Wb 



2t (D-2)(D-A)t 



(A.12) 
(A.13) 

(A.14) 
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Let us now consider the case of two gluon intermediate state. To get the con- 
tribution of the diagram in Fig. 3(a), besides the integrals I 2 (A. 4), I 2 (A. 5) and 
Ja" (A. 6) we need 



'G3B = -I 



d D k 



(k 2 + ie) ((k + q) 2 + ie) ((p B - k) 2 - m 2 + ie) 

-^rfs-^rr^, (A.i5) 



2 J Jo Jo # G3 3- 



where 



Ig3B 



i? G3 = m 2 x\ - x 2 (l - xi — x 2 )t , (A.16) 
d D kk^ 

(k 2 + ie) ((A; + q) 2 + ie) ((job — k) 2 — m 2 + ze) 
D\ f 1 f 1 dp 2 



TflU 

G3B 



7r-r 3 



- ^ (3 - f ) j[ (xiPb - , (A.17) 

-^G3 2 

. /■ d D kW 
~~ % J {k 2 + ie) {{k + q) 2 + ie) {{p B - k) 2 -m 2 + ie) ~ 

i> \ /•' r d P2 r „ _ ^ ,_ ,, _ <r 



2)/ Jo 



^G3 



XiP B - ^g M ) (xiPb - x 2 q u ) - A _ D R G3 



(A.18) 

and integrals Ig3A, Ig3A and ^gm which are obtained from eq.s (A 15) — (A18) by 
replacing respectively p# and o with and — g. In the zero mass limit we have 

^G3b|to=0 = hB , ^G3fi|m=0 = -^B j ^G3fi|m=0 = > (A. 19) 

where I 3 b, I%b and are given by formulas (A. 12) — (A. 14). The calculation of 
all the integrals above listed is quite straightforward. 

We also have to consider the following more complicated integral: 
I d D k 

J {k 2 + ie) {{k + q) 2 + ie) {{k + p A ) 2 -m\ + ie) (Jk - p B ) 2 - m% + ie) ' 

(A.20) 

fortunately, we need only its asymptotic behaviour at 

s = (Pa + Pb) 2 > —t ~ m 2 A ~ m| . 
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We describe its calculation with some details. After integration over k with the 
help of the usual Feynman parametrization we obtain 

Iau = (4 - f) Z 1 dx ^ dx ^ - " 2 ~ **> , (A.21) 

000 Rga 2 

where 

Rga = -xix 2 s - x 3 (l - x l - x 2 - x 3 )t + (xi + x 2 ) {[xim\ + x 2 m 2 B j . (A.22) 
Let us introduce new variables through relations 

Xi — zu , x 2 — (1 — z)u , x 3 = x . (A. 23) 
In terms of these variables we have 

Rga = -z(l - z)u 2 s - x(l - x - u)t + u 2 (zm\ + (1 - z)m|) . (A.24) 
Dividing the region of integration over z into three subregions: 

dz= dz+ dz + dz , (A.25) 

JO JO J<5 Jl-S 

where 

1 ^ x ~J*I m A m B 
s s s 

we can use different approximations for Rqa in each of them: 

Rga Rj - zu 2 s — x(l — x — u)t + u 2 m 2 B (A.26) 
in the first subregion, 

Rga ~ - ^(l - ^)m 2 s - x(l - x - u)* (A.27) 

in the second and 

Rga ~ - (1 --2)m 2 s-x(1 -x- u)t + u 2 m 2 A (A.28) 

in the third. As Rga depends on m 2 B in the first subregion only and on m 2 A in the 
third only, we can write Iqu as the sum of three terms: 

I Gn ^ I D + A B + A A . (A.29) 
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Here I a is Ion in the massless case, A B is given by 



D-n I D 

~ 7r~r (4 — 



1 rl — u 

udu / cte 
Jo 



f/2 



(— 2;m 2 s — x(l — x — u)t + u 2 m 2 B ) 



(—zu 2 s — x(l — x — 



7T 



*r(3-f) ^*, r 



U JO 



1 



1 



3— — 

(— — a: — 2 



(A.30) 



(— x(l — x — tt)t + u 2 m B ) 2 
and can be obtained from by substituting m B with m^. The integral 7 D 
was calculated in ref. 01: 



-2(D-3) 



In 



2^ 



(f 



2 +V 3 



(A.31) 



where ^(z) 



and J 2 is given by eq. (A. 4). 



Finally, substitution p B <-> — = — (p_b + <?) in eq.(A.20) leads to the last 
integral we need: it can be obtained from Iqd simply by changing s with u ~ — s. 

At last, in calculating the contribution of the diagram in Fig. 3(6) in the case 
of two gluon intermediate state we meet again the integrals Ig3B, Igzb an d ^g3B> 
presented in eq.s (A. 15), (A. 17) and (A. 18) correspondingly. 



24 



References 

[1] V.S. Fadin, E.A. Kuraev and L.N.Lipatov, Phys. Lett. B60 (1975) 50; 
E.A.Kuraev, L.N. Lipatov and V.S. Fadin, Sov. Phys. JEPT 44 (1976) 443; 
Sov. Phys. JEPT 45 (1977) 199. 

[2] L.N. Lipatov and V.S. Fadin, ZHETF Pis'ma 49 (1989) 311; L.N. Lipatov and 
V.S. Fadin, Yad. Fiz. 50 (1989) 1141. 

[3] V.S. Fadin and L.N. Lipatov, Nucl. Phys. B (Proc. Suppl.) 29A (1992) 93. 

[4] V.S. Fadin and L.N. Lipatov," Radiative Corrections to QCD Scattering Am- 
plitudes in a Multi-Regge Kinematics", preprint DTP/93/08, IPNO/TH 93-04, 
University of Durham, 1993; submitted to Nucl. Phys. B. 

[5] V.S. Fadin and R. Fiore, Phys. Lett. B294 (1992) 286. 



25 



Figure Captions 



Fig.l: Amplitude of the elastic scattering process A + B — > A' + B' with two 
particle intermediate state in the t-channel. 

Fig.2: Decomposition of the elastic scattering amplitude in two parts, respectively 
asymptotic and non asymptotic. 

Fig.3: Contributions to the amplitude of Fig. 1, coming from the product of 
(a) asymptotic-asymptotic parts, (b) asymptotic-nonasymptotic parts, (c) 
nonasymptotic-asymptotic parts and (d) nonasymptotic-nonasymptotic parts. 
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